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On the errors in molecular dipole moments derived from accurate diffraction data
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Abstract

The error in the molecular dipole moment as derived from
accurate X-ray diffraction data is shown to be origin
dependent in the general case. It is independent of the choice
of origin if an electroneutrality constraint is introduced, even
when additional constraints are applied to the monopole
populations. If a constraint is not applied to individual
moieties, as is appropriate for multicomponent crystals or
crystals containing molecular ions, the geometric center of the
entity considered is a suitable choice of origin for the error
treatment.

1. Errors in dipole moments

As the derivation of electrostatic moments from accurate
diffraction data has attracted considerable attention since
Stewart reported the ®rst X-ray dipole moment for the mol-
ecule of uracil (Stewart, 1970) (see for example Spackman,
1992; Coppens, 1997), the uncertainty in the derived quantities
merits consideration. Errors in experimental dipole moments
are often quoted in the literature, but in the general case the
errors in the electrostatic moments are origin-dependent, as
pointed out by Spackman (1992). This communication exam-
ines the origin dependence of the experimental error in a
molecular dipole moment.

It can easily be shown that the dipole moment l of a neutral
entity is independent of origin. Since l is given by

l �PN
i�1

qiri � li; �1�

where qi is the net charge on atom i located at ri and li its local
atomic dipole, a shift of origin ro leads to

l0 �PN
i�1

�qi�ri ÿ ro� � li� �
PN
i�1

�qiri � li� ÿ ro

PN
i�1

qi: �2�

Thus, l0 � l for any neutral entity. In general, a moment is
origin independent as long as the moments of lower order of
the entity being considered are zero. Thus, for a charged entity
the second term on the right-hand side of (2) does not vanish
and the moment is origin dependent. In this case, the accepted
convention is to refer the dipole moment to the center of mass
as origin. As it is desirable that the errors associated with the
experimental results be reported, their behavior as a function
of the origin choice must be analyzed.

In general, the variances and covariances M� of derived
quantities � are given by

M� � dMxdT �3�
(see for example Coppens, 1997), in which Mx is the m � m
variance±covariance matrix of the least-squares variables, and

d a row vector with m elements in the case of a molecular
dipole moment or a vector with 3 � m elements in the case
that the components of the dipole moment are to be calcu-
lated. The elements of d are given by

dj � @Q=@xj; �4�
where Q is the quantity to be derived and the xj are the least-
squares variables.

For the dipole moment �, the pertinent variables are the
positional coordinates of the atoms, the valence monopole
populations, and the populations P10 and P11� of the dipolar
terms of the multipole expansion. We will consider the
monopole contributions, which dominate the total molecular
dipole moment.² Furthermore, as the relative errors in the
monopole populations from a diffraction experiment are
relatively large compared with those in the more accurately
determined positional parameters, we will concentrate our
attention on the effect of the charge uncertainties.

With these assumptions, we obtain, with

@�x=@qi � xi �5�
for the error in the x component of the molecular dipole
moment,

�2��x� �
P

i

P
j

xixj��qiqj�; �6�

where �(qiqj) represents the variances (i � j) and covariances
(i 6� j) of the net atomic charges on atoms i and j.

For a shift of origin in the x direction equal to xo, we obtain

�2 0��x� �
P

i

P
j

�xi ÿ xo��xj ÿ xo���qiqj�; �7�

the difference between the two being given by

��2��x� � �2 0 ÿ �2

� x2
o

P
i

P
j

��qiqj� ÿ xo

P
i

h
xi

P
j

��qiqj�
i

ÿ xo

P
i

h
xj

P
j

��qiqj�
i

� x2
o

P
i

P
j

��qiqj� ÿ 2xo

P
i

h
xi

P
j

��qiqj�
i
; �8�

which depends both on the shift xo and on the atomic coor-
dinates xi.

We are interested in the shift xo, which minimizes the error
in the dipole moment, and thus in the value of xo for which
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² The contribution from the atomic dipole moments to the total dipole
moment is origin independent, as it is obtained by a simple summation
over the pseudoatoms.
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@�2 0=@xo � 0: �9�
With (7), we obtain

@�2 0=@xo � 2xo

P
i

P
j

��qiqj� ÿ 2
P

i

h
xi

P
j

��qiqj�
i
� 0 �10�

or, for N atoms, with the assumption that all variances �2

(i � j) and covariances 
 (i 6� j) are equal:

d�20 � 2xoN�2 � 2xoN�N ÿ 1�

ÿ 2�

P
i�1;N

xi ÿ 2�N ÿ 1�
P
i

xi

� 0 �11�
or

2xoN�2 � 2xoN�N ÿ 1�
 � 2�2
P

i

xi � 2�N ÿ 1�
P
i

xi �12�

or

xoN�2�2 � 2�N ÿ 1�
� �P
i

xi�2�2 � 2�N ÿ 1�
�; �13�

which gives for the shift that minimizes the molecular-dipole-
moment error

xo �
P

i

xi

.
N: �14�

Thus, under the approximations used here, the dipole-
moment error is minimized when the dipole moment is
referred to the geometric center of the molecule.

However, for one-component crystals, it is common to apply
a molecular eletroneutrality constraint. In this case, the dipole
moment becomes origin independent, as shown in the
following.

Following Hamilton (1964), the variance±covariance matrix
Mx corresponding to the constrained parameter estimates �x is

Mx � Mx ÿMxCT�CMxCT�ÿ1CMx; �15�
where C is the matrix of constraints. If the only constraint
applied is to keep the unit cell neutral

C � c; �16�
where c is a row vector with the nonzero components corre-
sponding to atomic monopole populations equalling 1, then

Mx � Mx ÿ �cMxcT�ÿ1MxcTcMx; �17�
since

�cMxcT�ÿ1 � P
i

P
j

�ij

 !ÿ1

�18�

is a scalar. Thus,

cMq � cMq ÿ cMq � 0 �19a�
MqcT � MqcT ÿMqcT � 0T �19b�

cMqcT � cMqcT ÿ cMqcT � 0; �19c�
where Mq is the variance±covariance matrix of the atomic
charges, and c has been truncated by omitting the zeros
corresponding to the noncharge variables.

Equations (19a) and (19b) imply that the sum over every
column (or row) of the constrained variance±covariance
matrix equals zero, while (19c) gives the corresponding result

for the sum over all the elements. It follows that ��2(�x) as
expressed by equation (8) equals zero.²

However, in almost all charge-density analyses, additional
constraints are applied, restricting chemically equivalent atoms
to carry identical charges. In that case,

C � c

B

� �
; �20�

where B is the block matrix corresponding to the chemical
constraints. In analogy to equation (19):

CMx � 0; MxCT � 0T and CMxCT � 0; �21�
because from (15)

CMx � CMx ÿ CMxCT�CMxCT�ÿ1CMx � CMx ÿ CMx � 0:

�22�
This result also implies that

cMq � 0; MqcT � 0 and cMqcT � 0; �23�
which means that the error in the dipole moment is origin
independent whatever constraint has been applied in addition
to the molecular electroneutrality requirement.

To verify the independence of the dipole-moment error for a
neutral molecule, we have calculated the error in the molecular
dipole moment of 4-amino-40-nitrobiphenyl, for which the
charge density was recently determined using 20 K synchro-
tron data (Volkov et al., 1999). The charge-density analysis was
performed with the program package XD (Koritsanszky et al.,
1997) and the molecule was constrained to be neutral. The
re®nement included a number of chemical equivalent
constraints. The origin of the dipole moment was varied along
a line connecting the two nitrogen atoms at opposite ends of
the molecule, starting and ending 5 AÊ from N(O2) and N(H2),
respectively. The results con®rm the origin independence of
the molecular dipole-moment error even when chemical
constraints are applied.³

In summary, the dipole-moment error is origin independent
when a molecular neutrality constraint has been applied. But
in case such a constraint is inappropriate, or has not been
applied, the origin to which electrostatic moments are referred
must be carefully selected to give an unambiguous repre-
sentation of the uncertainties associated with the experimental
result. The geometric center as de®ned here is a suitable,
though not unique, choice for the error treatment, and thus
also for the origin to which the dipole moment is referred.

We conclude that, except in the case of a neutral molecule
for which all atomic charges have been constrained to preserve
neutrality, the origin must be speci®ed for both the dipole
moment and the associated standard deviations.

APPENDIX A

An alternative proof of CMx � 0 (equation 19a) is as follows.
The variance �(i, i) is de®ned as

��i; i� � E�fx�i� ÿm�i�g2�; �24�

² An alternative derivation of equation (19) is given in Appendix A.
³ The current version of XD (version 1.2) does not treat the error in
the dipole moment appropriately in case chemical constraints have
been applied. This error will be corrected in a coming release.
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in which E represents the expectation value and m the mean of
the variable.

Similarly, for the covariance �(i, j):

��i; j� � E�fx�i� ÿm�i�gfx� j� ÿm� j�g�: �25�
The sum over the elements of a row of the variance±

covariance matrix is thus equal toP
i

��i; j� � E�fx�i� ÿm�i�g2� � E�fm�i� ÿm�i�gfx� j� ÿm� j�g�

� E
h
fx�i� ÿm�i�gP

j

fx� j� ÿm� j�g
i
: �26�

Because of the constraint, for the atomic charges the sum over
j equals zero and thus

P
i ��i; j� � 0.
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